During the past ten years or so there has been considerable discussion in the literature regarding the author's 1963 contention that (neglecting temperature effects and spin) the Earth's liquid core cannot be stable unless the Adams-Williamson condition relating density distribution and compressibility holds there.
Introduction
The question of gravitational stability was originally considered by Jeans (1903) , but in more detail by Lord Rayleigh (1906) and Love (1907, 191 1) . The earlier work of Love contained a defect in the physical theory, which was corrected in his 1911 book, where he explains the necessity for an amendment concerning the increment of stress assumption. However, in order to render the solution of his equations tractable, Love assumed in his book either incompressibility or constant density. The first treatment of the strain of a gravitating sphere of variable density and elasticity, usingthe amended theory, seems to have been given by Hoskins (1920) , and his work was the basis for the method of computation of the periods of free oscillation of the Earth due to Pekeris & Jarosch (1958) , Alterman, Jarosch & Pekeris (1959) ' and Jarosch (1962) .
Jn 1963 the present writer (Longman 1963) noted that while the dynamical equations for the periods of free oscillation of the Earth can be solved, using a model having a liquid core, the corresponding statical equations for deformation of the Earth under surface loads cannot be solved without assuming the Adams-Williamson (1923) condition to hold in the liquid core. It was concluded, therefore, that the liquid core is unstable unless this condition obtains, and in the author's computation of Love numbers and load deformation coefficients (1963, 1966) the Gutenberg model of the Earth was modified to make the Adams-Williamson condition hold in the core. For a number of years it was not understood by the present writer how it was possible for Takeuchi (1950) and others to calculate Love numbers without this assumption, nor how Alterman et al. (1959) could succeed in calculating periods of free oscillations for an Earth model which was essentially unstable.
The present paper gives some insight into this situation, by showing that for a gravitating compressible liquid sphere with a free surface, the instability is not activated by an externally applied gravitational potential, but that it i s activated if the surface is constrained. It is assumed throughout that we are dealing with a perfect fluid which is elastic (compressible), and we consider small strains from a configuration of initial hydrostatic stress due to gravity. All thermodynamic and spin effects are neglected. Two problems are treated in detail:
(1) The perturbation due to a small externally applied gravitational potential when the liquid sphere has a free surface (surface tension effects are neglected).
(2) The same, but with the liquid sphere contained within a rigid spherical shell of the same radius.
It is shown that while we can solve (1) without needing the Adams-Williamson condition, the same is not true of (2) where the condition is essential.
Finally a physical explanation is given for the necessity of the condition in terms of stability requirements for elements of the liquid, and this is followed by a brief survey of the relevant literature.
Theory
In view of the singular nature of the situation which arises when the rigidity p of a gravitating elastic sphere iszero, it was thought worth while to adapt the dynamical theory as formulated by Koskins (1920) to the liquid case (p = 0) for the statical problem. This is done to ensure and to demonstrate that nothing goes wrong in the derivation of the equations in this particular case. The derivation is given in the Appendix, where, as far as possible, the original notation of Hoskins is used, in order to facilitate comparison with his 1920 paper. As a result it appears that it is perfectly legitimate in describing our present problem, simply to place p = 0 and omit the dynamic terms in the now classic equations (7), (8), (9) of Alterman et al. (1959) . In the main body of the paper, however, the notation of Alterman et al. is used, in order to facilitate comparison with their work and with the author's 1962, 1963 papers on static loading of the Earth.
We define po(r) to be the initial density distribution (before perturbation), and go(r) to be the downward acceleration due to gravity:
where G is the gravitational constant, and r denotes distance from the centre 0. Using spherical polar co-ordinates, (u, v, w) denote (r, 0, 4) components of displacement.
The dilatation A is
We assume now that the increment in gravitational potential during strain is y+* where Y is the (small) potential of an externally applied gravity field and satisfies
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V 2 Y = 0 (4) throughout the sphere, and $ is the perturbation of the gravitational potential inside the sphere caused by the perturbation induced in the density distribution and by the corrugations of the surface. We have where the dot signifies differentiation with resp-&t to r.
The equations of equilibrium now take the following form:
these being essentially the equations (7), (8), (9) (5)- (8) for u, u, w and$ under appropriate boundary conditions. These boundary conditions will be discussed below. u and w of course enter the equations via A as given in (2), and we assume that 1 = 1(r), po = po(r) are given functions of r, while go(r) of course is given by (1). We now assume that our external perturbing potential has the form
where &(e, 4) is a spherical surface harmonic of order n, and A is a small constant. is satisfied if
Equations (13), (14), (15) have to be solved for U , V, P , subject to U , V , P and X being regular at r = 0. The other boundary conditions depend on the conditions obtaining at the surface of the sphere.
Before considering these, however, an important point should be noted. Equation (1 3) can be written in the form
But by (14) the expression in square brackets Thus so that
However from (14) we also have
and so by subtraction This relation, which was derived in the author's 1963 paper, shows that we must either have X = 0 (zero dilation) or which is the Adams-Williamson condition as applied to a liquid. Adopting (16), equations (13) and (14) become equivalent, and therefore we have now to solve (14) and (15) with the condition (16). From (16) we deduce as stated above that either X = 0 or the Adams-Williamson condition must hold. In order to clarify this question we consider now our deformation problem under two specific surface conditions.
Deformation of the gravitating liquid sphere
We consider then our sphere of radius a, to be subjected to the (small) externally applied gravitational potential Y of the form (9). As a first case we consider the surface of the sphere to be free. Then in addition to the requirement of regularity at the origin, it is necessary that the stress on the deformed surface vanish, and also at the deformed surface we have continuity of the gravitational potential and of its normal gradient. It is easily shown (Pekeris & Jarosch 1958 ) that we then require
In terms of U , V , P, X we thus have to solve the ordinary differential equations (14),
(1 5) with the condition (1 6), regularity at the origin, and
dilatation. Then equations (14), (1 5) become From (16) let us now suppose that we choose the condition X = 0, i.e. zero Ar"+P-g, U = 0 and n(n + 1) r2 P = 471G00 u.
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We can thus eliminate U and obtain for P(r) the differential equation
Now it is important to consider the nature of this differential equation near the origin r = 0. Let us suppose that sufficiently near the origin we have the expansion Then po(r) = ao+a, r + a 2 r 2 + .... bo(r) = a , + 2 a 2 r + 3 a , r 2 + ..., while from (1) we have for small r Evidently then the term has at most a simple pole at the origin which is thus a regular point (Whittaker & Watson 1940, p. 97) for the homogeneous differential equation obtained from (21) by replacing its right-hand side by zero. Also its indicia1 equation is cx2+a-n(n+I) = O having one positive root CL = n and one negative root CL = -n -1. solution of (21) is thus of the form The general
where f (r) is regular and fi (r) is singular at the origin, while h(r) (regular at r = 0) is a particular solution of (21) with A replaced by unity. Of the two arbitrary constants c, cl, we must therefore take c1 = 0, and our general solution (regular at r = 0)
contains thus only one arbitrary constant c. We now have to satisfy the two boundary conditions (19) and (20), but evidently (19) is satisjied automatically by our assuniption X = 0. Using (14'), (20) can now be expressed in the form Thus our constant c is determined by substitution from (22) into (20), and our problem is solved, since there is no reason in general why this should not be determinate. What we have achieved, then, is to solve the deformation problem for the case of the free surface. Having determined P ( r ) we immediately obtain U ( r ) from (14'), and then since X ( r ) = 0 we can obtain V ( r ) from and thus all the deformation parameters of the sphere have been uniquely determined. But it should be noted that although we have here only one free parameter c at our disposal, we were able to satisfy the two boundary conditions (19), (20) because (19) was satisjied automatically. This will not in general happen with other surface conditions, and in particular not when we go on to consider the case (2) where we confine our liquid sphere within a rigid spherical shell.
Before considering case (2), however, let us consider what happens in case (1) if we take the Adams-Williamson condition to hold instead of X = 0. Then from
( 1 7) and (14) we have evidently
so that our equations of equilibrium (14), (15) now take the form Once again the differential equation for P ( r ) has a regular point at the origin, and the solution regular at r = 0 has only one arbitrary constant:
where h,(r) (regular at r = 0) is a particular solution of (23) when A is replaced by unity, and fz ( r ) satisfies the homogeneous equation. We can determine the constant cz as before by the boundary conditions (19), (20), which used together with (14) yield However, this time it should be noted that U , Vare not uniquely determined, but are merely limited by the condition (14), X being given by (121, with X(u) = 0. This lack of uniqueness of U , I/ is related to the fact that the Adams-Williamson condition implies that elements of the fluid are in neutral equilibrium. This point will be discussed further later.
We now turn to case (2j, where our sphere is contained within a rigid spherical shell of the same radius a. We can consider the shell to be massless, or of uniform surface density, since in either case there will be no internal gravitational field due to the shell. Now we apply our external gravitational potential \y as given by (9). The difference here from the previous problem lies in the boundary conditions, which apart from the condition of regularity at r = 0, now take the form
Let us try again to sohe the problem first of all by assuming X = 0. We have to solve (21) again, but with the new boundary conditions (24j, (25). In view of (14') we can replace (24) by
so that we can say, then, that our solution (22), which has only the one parameter c at our disposal, has to satisfy the two conditions
and this must in general be impossible. For example if po is constant the general solution of (21), which now takes the form n(n + 1)
assuming regularity at the origin. The conditions (27) then give
We may note that the condition (24) must obtain, since our shell is rigid and impenetrable, and on the other hand cavitation cannot occur since we have assumed the dilatation everywhere zero. We see then that in this case (2) our assumption X = 0 leads to a contradiction. This result is hardly surprising since under these conditions of zero dilatation and rigid boundary our liquid is essentially stuck ' apart from rotations which cannot accommodate the applied potential. The compressibility has no chance to manifest itself.
We now consider the alternative which is the Adams-Williamson condition (17). Then we have to solve the differential equation (23), subject to the boundary conditions (24), (25). However (24) does not now impose any requirement on P(r) since now (14), as distinct from (14'), merely imposes a condition on X : W X ( a > = -P 0 ( 4 p(a>-AP,(a)a" and this is related to the surface stress applied by our rigid shell on the liquid.
Thus in this case we can solve (23) subject to the single boundary condition (25), and once again U , V are not uniquely determined but are merely related by (14) and (12)-It thus appears that when the liquid is contained within a rigid shell, we can only obtain small internal deformations if we apply a small external potential Y of the form (9) provided the Adams-Williamson condition holds. In other words our liquid sphere is only then stable internally.
It is not difficult to see that we reach the same conclusion if our gravitating compressible liquid is contained between a rigid spherical shell and an internal massless rigid sphere fixed to be concentric with the shell. In this case equation (21) has indeed two arbitrary constants in its solution, but now we have, in addition to the two conditions (27), the extra condition U(b) = 0, where b < a is the radius of the internal rigid sphere. By (14') this condition is equivalent to P(b) = -Ab", so that now P(r) has to satisfy three boundary conditions. Thus once again the assumption X = 0 leads to the impossibility of solving the perturbation problem, and the Adams-Williamson condition has to hold.
Physical explanation
In the above a mathematical reason has been given for the necessity that the Adams-Williamson condition must hold in a self-gravitating compressible liquid sphere, and it has been shown otherwise to be unstable, in that it cannot respond by small internal perturbations to a small externally applied gravitational potential, when it is confined within a rigid spherical shell. It is proposed in this section to give a physical explanation of this fact, First of all we may note that a gravitating sphere of compressible liquid cannot possibly be stable if it has uniform density po(r) = const.
(and this violates the Adams-Williamson condition). This conclusion contradicts that of Pekeris & Accad (1972), but the reason for the invalidity of their conclusion is now evident from the present paper, and is explained in detail in the next section. It is quite evident that if in such a sphere we move a small element of fluid slightly outwards, say, in the radial direction, the hydrostatic pressure on it will decrease, and thus it will expand and acquire a lower density. Since we are assuming p&) to be constant in the sphere, our element will now be less dense than its new environment, and therefore will continue to ' float upwards ', and decrease in density. If, on the other hand, we push our element slightly 'downwards' towards the centre, the pressure on it will increase, and it will become denser than its new environment, and will continue to ' sink ', and increase in density. Thus po(r) constant is certainly not a stable configuration, and we would expect such a sphere to start to condense towards the centre, until a certain density distribution is achieved. The same general conclusion was reached by Love (1911, p. 124) where he remarks that ' A sphere of homogeneous fluid subject to its own gravitation, but free from surface tension, would be gravitationally unstable, and some degree of rigidity would be necessary to stability if the sphere is to be homogeneous '.
Now it is not difficult to see that the Adams-Williamson condition (17) which was originally conceived for the solid earth as a condition of chemical homogeneity, is for a liquid sphere the condition for neutral equilibrium. If we displace radially an element of fluid, (17) is just the condition that the displaced element will take up the density of its new environment. It might therefore be thought that a sphere in which
Po would be stable, since then an element displaced radially would then have a tendency to return to its original position. (28) does give us stability in this sense, but this is only one type of stability. Evidently (28) implies that po increases towards the centre sufficiently rapidly. However, too massive a centre would be subject to another type of instability. In order to make matters definite-and simple-let us consider the following extreme case. Suppose a Z Z the mass of the sphere be concentrated at the centre, so that we have a liquid sphere of zero density containing a particle of mass m at the centre r = 0. If we displace this particle from the centre it will obviously show no tendency to return. But if we suppose our liquid to be placed in a field having gravitational potential Y as given by (9), then however small A may be, if we displace our central particle in a direction in which &(O, 4) is positive, then it will tend to move further outward. Thus this extreme state of concentration of mass at the centre is unstable, since we may take A as small as we please. It is the author's belief that this argument may be generalized to any density distribution po(r) which increases towards the centre faster than that dictated by the Adams-Williamson condition.
If we displace a central part of the sphere, say 0 < r < b < a, in a direction in which S,,(O, 6) is positive, for sufficiently large b so that the sphere r = b contains a sufficient proportion of the mass of the sphere, then it will continue to move outwards since the rest of the sphere will have insufficient mass to cause it to return. By a continuation of this process motions will continue until the Adams-Williamson condition holds throughout the sphere.
A brief survey of the literature
We give here various excerpts from the literature, which support and contend the author's 1963 contention. The first criticism seems to have appeared in a paper by Jeffreys & Vicente (1966) concerning the deformation of the Earth. They acknowledge the existence of the difficulty, but conclude that there must be a definite relation between external potential and normal stress at the core-mantle boundary, since they are unwilling to accept the Adams-Williamson condition in the liquid core unless it is ' Chemically homogeneous and has an adiabatic distribution of temperature '.
Smylie & Mansinha (1971) also decline to accept the need for the AdamsWilliamson condition in the liquid core of the Earth, and attempt to create the extra adjustable constant that is then necessary, by assuming discontinuity in radial displacement at the core-mantle boundary. They claim that ' The mantle may be allowed to project into the liquid core ', by use of an argument connected with equipotential surfaces. Dahlen (1971a) , like the present writer, finds this argument to be invalid, and also in a later paper (Dahlen 1971b) agrees with the present writer's 1963 contention. However recently Dahlen (1974) has revised his previous conviction, and claims to solve the problem of the static deformation of an Earth model with a fluid core, without requiring the Adanis-Williamson condition to hold in the core. The basic philosophy of his paper is that the Lagrangian formulation of the equations in the liquid core is not appropriate, since the displacements of individual fluid particles may be arbitrarily large, thus invalidating the small strain assumption of elasticity. His method is to use an Eulerian description of the core motion combined with a Lagrangian description of the solid mantle deformation. The present writer feels that the Lagrangian formulation may be used in the liquid core, since small particle displacements should not be unable to accommodate a small perturbation in the gravitational potential.
Another attempt to get over the difficulty, i.e. to solve the equations of static deformation of the Earth having a liquid core, without the Adams-Williamson condition, was made by Pekeris & Accad (1972) . Unable to accept the Smylie and Mansinha claim of discontinuity in the radial component of displacement at the core-mantle boundary, Pekeris and Accad introduce a discontinuity in the normal stress component and have a ' boundary layer ' near the surface of the liquid core.
The present writer is not aware that boundary layers exist in hydrostatic problems, and does not agree that a statical problem has to be solved as the limit of a dynamical oscillatory problem as the frequency tends to zero. Now Pekeris & Accad deny the present writer's corollary, that a uniform liquid core (of the Earth) is physically impossible, and ' demonstrate ' this by computing the tidal yielding of an Earth model consisting of a liquid sphere of uniform density. It is evident from Section 3 of the present paper, why they can succeed in this. In fact, as we have seen earlier, if p o is constant, equation (21) takes the form (21'), and the general solution which is regular at the origin, is as given in (22'), and contains the one arbitrary constant c. Since the Adams-Williamson condition does not hold if p o is constant, we must take X = 0 (zero dilatation). Our boundary conditions are (19) and (20'). However in this case of uniform density we have so that (20) reduces to go(r) = 4 nGp,r n-2 a P(a)+ -P(a) = 3Aa"-'.
(20")
Substituting from (22') into (20") we can determine c:
and so for n = 2 we find the Love number
agreeing with the result of Pekeris & Accad when their frequency CT tends to zero. However, as we have seen, the application of an external gravitational potential, under free surface conditions, does not cause the instability to be activated. As an analogy, we may consider a pin balanced on its point. It is in unstable equilibrium, but this instability does not show itself if we merely raise the point of the pin vertically, or spin the pin about its vertical axis. Pekeris and Accad have indeed a compressible sphere, but by choosing the X = 0 condition, they do not allow it to be compressed.
It is hardly surprising then, that they obtain Lord Kelvin's result (Lamb 1945, p. 451) for the frequency of oscillation of an incompressible fluid sphere.
The present writer has not, at the time of writing, investigated the question whether the instability of a non Adams-Williamson liquid core would show itself in the deformation of an Earth model, subject to an externally applied gravitational potential (calculation of Love numbers), or in the free oscillation of the Earth (both under free surface conditions), but presumbaly it does not, and if not, this is why such calculations were able to be carried out by various authors.
It 
Conclusion
A mathematical demonstration has been given, and a physical explanation suggested, as to why the Adams-Williamson condition must hold in a stable selfgravitating compressible liquid sphere. A brief survey of the pros and cons given in the literature has also been presented.
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